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Abstract—Forced convection heat transfer from an isolated cylinder in crossflow is investigated for
Reynolds numbers up to 200 by direct numerical simulation of the Navier-Stokes and energy equations
using the spectral element method. The numerical predictions for the size of the wake, the temporal and
spatial structure of the von Karman vortex street, the unsteady lift and drag coefficient, and the unsteady
local heat transfer coefficient are all in excellent agreement with available experimental data. Various
outflow boundary conditions for the velocity field are employed to account for the unboundedness of
the domain, while for the temperature field the conditions of uniform heat flux and constant cylinder
temperature are simulated.

INTRODUCTION

THE FLOW past a circular cylinder has long been a
model for fundamental studies of challenging fluid
mechanics problems, as well as representing an impor-
tant class of engineering applications. Beginning with
the work of Bénard (1908) [1], von Karman (1911) [2]
and Nayler and Frayzer (1917) [3] on the development
of the vortex street, many studies of the cylinder flow
problem have been undertaken. As regards heat trans-
fer, Schmidt and Wenner [4] were the first to report
on local transport rates from the cylinder surface.
Since then, numerous experimental results and empiri-
cal correlations for the heat transfer and drag on the
cylinder have been reported in the literature [5-10].
However, to our knowledge, no accurate numerical
predictions for unsteady heat transfer have appeared
yet.

In this paper, we present results of numerical simu-
lation of the unsteady Navier-Stokes and energy equa-
tions for laminar two-dimensional flow past a circular
cylinder. The numerical results are obtained using
a general-purpose spectral element code, NEKTON
[11]. The purpose of the work is twofold: (1) to
achieve a relatively complete set of (experimentally
validated) numerical results for low to moderate
Reynolds number bluff body heat transfer; (2) to
demonstrate the accuracy of the spectral element
method [12-14]. As regards the latter, the problem of
flow past a cylinder serves as a severe test of a numeri-
cal method due to the unbounded domain and the
highly unsteady nature of the flow field. Furthermore,
correct prediction of local transport rates requires
resolution of both the (fore) boundary layer and (aft)
wake structure of the near cylinder flow.
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PROBLEM FORMULATION
AND NUMERICAL METHODS

We consider here flow past a cylinder in the domain
depicted in Fig. 1. The momentum, continuity and
energy equations governing the flow are given by

v, = vxo—VII+Re ' Vv (1a)
Vev=0 (1b)
T,+V-(vT) = (Re Pr)~'V’T (1c)

respectively, where v(x) (=ux+vy) is the velocity,
T(x) the temperature, @ the vorticity, w = Vxy,
Il =p+1/2v-v the dynamic pressure, Re = U, D/v
the Reynolds number, and Pr = v/a the Prandtl
number. Here U, is the freestream velocity, D the
cylinder diameter, v the kinematic viscosity of the fluid
and « the thermal diffusivity. All velocities and lengths
are scaled by U, and by the cylinder radius R, respec-
tively.
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FiG. 1. Geometry definition for flow past a cylinder in an
unbounded domain.
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Cp  drag coefficient, Fp/(1/2pU%D)

C. lift coefficient, F,/(1/2pULD)

D cylinder diameter

f  shedding frequency

Fp  cylinder drag force

Fy  cylinder lift force

h  heat transfer coefficient

k  thermal conductivity

L wake length

Nu  Nusselt number, ¢ D/(kAT)

Nu, . time-averaged Nusselt number

Nu,,; space- and time-averaged Nusselt
number

p  static pressure

Pr  Prandtl number, v/a

g cylinder heat flux

R cylinder radius

NOMENCLATURE

Re Reynolds number, U, D/y

St Strouhal number, fD/U

! non-dimensional time, R/U,
T  temperature

temperature difference, 7,7,
freestream velocity

v velocity vector, ux+vy.

Greek symbols
#  non-dimensional temperature,
(T—T.,)/AT or (T—T)k/(¢"R)

v kinematic viscosity

IT  dynamic pressure

p denstty

t  time period of vortex shedding
@  vorticity.

The boundary conditions on v are

v=0 on 0D, (2a)

(2b)

where 8D, is the cylinder surface. For the temperature
we impose either

v=>U_X as [x|=>w

=1 on &D, (3a)
=0 as |[x[=>w (3b)
or
Vé-i=1 on dD, (4a)
f=>0 as |x]=c0 (4b)

with 8 = (T—-T)/(T,—T,)and (T—T,)k/(g"R)in
equations (3) and (4), respectively. Equation (3) cor-
responds to imposed constant cylinder temperature,
whereas equation (4) represents a constant flux
boundary condition. Here T, is the cylinder tem-
perature, T, the temperature at infinity, ¢”’ the flux
at the cylinder surface, and k the thermal conductivity
of the fluid.

To solve the above equations numerically, we use
the general purpose code NEKTON [11], which is
based on the spectral element method. The iso-
parametric spectral element method [12-14] is a high-
order technique that combines the accuracy of spectral

methods with the geometric flexibility of finite element
schemes. In the spectral element discretization, the
domain is broken up into general, four-sided (quad-
rangular) elements and the geometry, velocity, pres-
sure, and temperature are represented as high-order
Lagrangian interpolants through Chebyshev or
Legendre collocation points. The integration proceeds
by treating the non-linear terms explicitly in time
(third-order Adams-Bashforth) with collocation in
space, followed by implicit treatment of the pressure
and viscous terms using standard variational spatial
projection operators.

The spectral element method is a technique par-
ticularly appropriate for direct simulations of
unsteady and transitional flows, due to its rapid
{exponential) convergence, good resolution proper-
ties, and minimal numerical dispersion and diffusion.
A typical spectral element mesh for our cylinder cal-
culations is shown in Fig. 2, where it can be seen that
very high resolution is placed near the cylinder in
order to resolve the momentum and thermal bound-
ary layer. The boundary conditions on the com-
putational mesh are taken to be uniform oncoming
flow, potential flow at side ‘walls’, no-slip on the cyl-
inder walls, and outflow Neumann conditions
(6+/0n = 0, where n denotes normal to the boundary
direction) at the downstream boundary. Various
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FIG. 2. A typical spectral element mesh. Notice the flexible resolution of the elemental decomposition.
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experiments were carried out to verify the mesh inde-
pendence of the solution and different boundary con-
ditions at the truncation of the infinite domain were
employed. The results in all cases were found to differ
by less than 1%.

RESULTS AND DISCUSSION

Steady state flow

For Reynolds numbers less than approximately 40
the cylinder flow is steady and takes the form of an
attached pair of vortices behind the cylinder. In Figs. 3
and 4 we compare our results to previous experimental
[15] and numerical results [16] for the transient devel-
opment of the vortices (impulsive start), and steady
state wake length, respectively. In both cases the
agreement is excellent. At Re = 40 the wake flow is
already unstable far downstream but a pair of vortices
remains attached to the cylinder surface.

Vortex shedding

A typical streamline pattern of the unsteady flow,
which occurs for a Reynolds number greater than 40, is
presented in Fig. 5 at a Reynolds number of 150 every
1/3, where 7 is the period of natural shedding. In Fig.
6(a) instantaneous velocity profiles in the cir-
cumferential direction for Re = 200 are plotted at
different positions along the cylinder periphery cor-
responding to a velocity field depicted in Fig. 6(b) as
a streamline plot. The good resolution of the thin
boundary layers is clearly demonstrated (the bound-
ary layer thickness is approximately 8% of the
cylinder diameter a1 this Reynolds number). In Table
1 a summary of the predicted shedding frequency
(Strouhal number, fD/U ) is given for the Reynolds
numbers studied, along with the available exper-
imental and numerical results from previous studies
[17,18].
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FiG. 3. Comparison of predicted wake length vs dimen-
sionless time for Re = 30, 40 with experiment [15].
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FiG. 4. Wake length vs Reynolds number. Comparison with
experiment [15] and another numerical scheme [16)].

In Fig. 7(b) the instantaneous temperature field is
plotted for Re =100 and Pr=2. The close re-
semblance of these temperature contours with the
streakline photographs obtained experimentally
[15,24] can be seen by comparing Fig. 7(b) with Fig.
7(a). The shape of the vortices and their locations as
predicted by NEKTON compare very well with the
shape and location of the vortices in the physical
experiment, although the visualization mechanisms
are somewhat different. The plot of instantaneous
isotherms demonstrates the minimal dispersion of the
spectral element method [25], and the fact that the
method correctly predicts the spatial structure of the
von Karman street.

Heat transfer results

In Figs. 8(a)-(c) we plot NEKTON predictions
for the local time-averaged Nusselt number
Nu, ;= q"D/(k(T, ~T,)) for constant heat flux con-
ditions (equation (4)) as a function of angle vs Eckert’s
experimental [19] and numerical [20] results for
Re = 20, 100 and 200, respectively and Pr=0.7. It
should be noted here that Eckert’s experimental
results are based on an assumption of an empirical
relationship between the average Nusselt number and
Reynolds number, Nu = 0.43+0.48 Re"/?, This relation-
ship was used in ref. [19] to deduce the Reynolds
number from the Nusselt number, since at the time

Table 1
Gerrard Gresho et al.
Re Present work (exp. [17]) (num. [18])
50 0.14 0.14 0.14
100 0.18 0.17 0.18
200 0.20 0.18-0.20 0.22
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vortex Shedding: Re = 150

time = 0.0

time = 7/3

time = 27/3

time = T

FiG. 5. The von Karman vortex street and details of shedding during a flow cycle for Re = 150.

the measurements were made (1953) no instrument
was available to measure the low air velocities as-
sociated with these Reynolds numbers. This empirical
relationship is, in fact, a good approximation only in
the front stagnation region of the cylinder, and it is

U

not valid in the wake, where other empirical formulas
have been proposed with higher powers of Reynolds
number [9)]. It is, therefore, expected that the Reynolds
number in ref. [19] was overestimated, that is, the
Nusselt number measured actually occurs at lower

=0

(b)

Fi1G. 6. () Instantaneous velocity profiles in circumferential direction for Re = 200. The boundary layer
is resolved with at least three mesh nodes in all calculations. (b) Corresponding streamline plot.
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(b)

FiG. 7. Instantaneous temperature contours for Re = 100 and Pr = 2. Notice the close resemblance
with the photographs from experiments by S. Taneda, An Album of Fluid Motion, photograph No. 96
(Ed. Van Dyke).

Reynolds number. This is consistent with the dis-
crepancy in Fig. 8(c).

We also note that the numerical results published
by Krall and Eckert in 1970 [20] are based on the
assumption of steady flow, which results in over-
estimation of the Nusselt number in the stagnation
region of the flow, and incorrect predictions for the
Nusselt number in the wake region of the flow at
higher Reynolds numbers. The discrepancy between
the NEKTON results and Eckert’s steady numerical
results is consistent with these facts.

In Fig. 9 the surface temperature, ¢, for constant
cylinder flux at Re = 150 and Pr = 0.70 is plotted as
a function of time at the rear stagnation point A and
at 67.5° from the front stagnation point, at point B.
It is seen that the temperature at the stagnation point
oscillates twice as fast and corresponds to a larger
amplitude. This reflects the fact that the rear stag-
nation point, being on the cylinder centerline, is influ-
enced by the alternating detachment of vortices from
both separation points every t/2, whereas any other
point off the centerline on the cylinder surface is influ-
enced by the detachment of vortices from one sep-
aration point only every 1. The temperature field is
out of phase with the velocity field but its time history
closely follows the time history of the x-component u
of the velocity, which also oscillates with 7/2 at the
centerline. However, the y-component v of velocity
oscillates with period 7 everywhere in the flow field
and it is, too, out of phase with the x-velocity com-
ponent. This is demonstrated in Figs. 10(a)—(c), where
the x-, y-velocity components # and v and the tem-

perature 6 at a point located 0.92D downstream of
the cylinder and slightly (0.068D) above the centerline
are plotted as a function of time for Re = 150 and
Pr=07.

In Fig. 11, we plot the time-averaged circum-
ferential variation of heat transfer coefficient, in
the case of constant cylinder surface temperature,
where very good agreement with the classical results
of Schmidt and Wenner (Re = 31000) [4], and the
more recently obtained experimental results can be
seen, especially in the wake region of the flow [21]. In
Fig. 12 the time- and space-averaged Nu, ; coefficient
is plotted as a function of Reynolds number over
the range 0 < Re < 200 for the constant temperature
boundary condition, where it is seen that there is
excellent agreement with available correlations [6, 26].

Cylinder drag results

In Fig. 13, the cylinder drag -coefficient,
Cp = Fp/(1/2pU2 D), is plotted as a function of Reyn-
olds number and compared with experimental results
[22]; again, the agreement is excellent for this range
of Reynolds number. Recent numerical data by Braza
et al. [23] is also in very good agreement with our
predictions. In Figs. 14(a) and (b) the two components
of the total cylinder drag, namely the viscous and
pressure (form) drag coefficients, defined as Fp,;/
(1/2pU2D) and Fp,../(1/2pUZ%D), respectively, are
plotted as a function of time for a representative case
of Reynolds number of 200. Again the presence of
different frequency components is observed as com-
pared to the lift coefficient, Cy = F/(1/2pULD), in
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F1G. 8. Predicted local heat transfer distribution around the cylinder surface for constant heat flux compared
with Eckert’s experimental and numerical results [19, 20]: (a) Re = 20, Pr = 0.70; (b) Re = 100, Pr = 0.70;
(c) Re = 200, Pr = 0.70.



L T o T2
3;12.59 ’I{l\\ lf‘\ I/\
© B/ [ | |
uw / \ I \\ II \
5 R F e
S F e
/
gf / l ! \ /, |
5 / \\ / g, =const
’— |
// // 1| eiow A
. / / / B
areny / N, Re = 150
° 2714

TIME , ¢

FiG. 9. Cylinder surface temperature for Re = 200 and Pr = 0.70 as a function of time. Notice the higher

harmonics of temperature at the stagnation point.

0.1993
X-Vel , u
-02811
0.0000E+00 3615
Time , t
Fi1G. 10(a).
06207
N /\ /\
-06780
0.0000E+00 36.15
Time , t
Fi1G. 10(b).

HMT 31:1-H

113



114 8530

L=+
o
-
=
2
o
[™
B
B
i
ey
36838
0.0000E+00 38.15
Time, t
FiG. 10(c).

FiG. 10. Time history for Re = 150 and Pr = 0.70 of x-velocity (a) y-velocity (b) and temperature (c) at a
point located 0.92D from the rear stagnation point and 0.068D above the centerline.
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Fig. 15, which oscillates with the fundamental fre-
quency. More specifically, the drag coefficient oscil-
lates with period /2 and has a higher frequency com-
ponent corresponding to /4 in its signal. The space-
averaged Nusselt number also exhibits similar
behavior as the drag coefficient [25]. The explanation
for this is that whereas the Nusselt number and the
drag coefficient cannot distinguish between events
that occur on the top and bottom of the cylinder, the
lift coefficient (force in the y-direction) can.
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SIMULATION NUMERIQUE DE LA CONVECTION THERMIQUE FORCEE AUTOUR
D’UN CYLINDRE EN ATTAQUE TRANSVERSALE

Résumé—La convection thermique forcée autour d’un cylindre en attaque transversale est étudiée, pour
un nombre de Reynolds allant jusqu’a 200, par simulation numérique directe des équations de Navier—
Stokes et d’énergie en utilisant la méthode spectrale. Les prédictions numériques de la dimension du sillage,
de la structure temporelle et spatiale de ’allée de tourbillons de von Karman, des coefficients variables de
portance, de trainée et de transfert thermique local; sont tous en excellent accord avec les données
expérimentales disponibles. Différentes conditions limites pour le champ de vitesse externe sont utilisées
pour tenir compte de ’étendue illimitée du domaine, tandis que sont simulées pour le champ de température,
les conditions de flux de chaleur uniforme ou de température constante sur le cylindre.
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NUMERISCHE SIMULATION DES WARMEUBERGANGS BElI ERZWUNGENER
QUERANSTROMUNG EINES ZYLINDERS

Zusammenfassung—Es wird der Wirmeiibergang bei erzwungener Queranstrémung eines einzelnen Zy-
linders fiir Reynolds-Zahlen oberhalb 200 durch numerische Simulation der Navier-Stokes’schen und der
Energiegleichungen mit Hilfe der Spektral-Element-Methode untersucht. Die numerischen Vorhersagen
fir die GroBe des Nachlaufbereichs, fiir die zeitliche und rdumliche Struktur der von Karman’schen
WirbelstraBe, fiir die instationdren Auftriebs- und Widerstandskoeffizienten und fiir den lokalen insta-
tiondren Wirmeiibergangskoeffizienten stimmen sehr gut mit den verfiigbaren experimentellen Daten
uberein. Zur Beriicksichtigung des unendlich ausgedehnten Stromungsgebiets werden bei der Berechnung
des Geschwindigkeitsfelds verschiedene Randbedingungen herangezogen, wihrend fiir das Temperaturfeld
die Randbedingungen 1. und 2. Art simuliert werden.

YHUCJIIEHHOE MOIEJINPOBAHHME TEIIJIOOTJAYH ITOIMEPEYHO OBTEKAEMOI'O
HWJIWUHIPA MPH BbIHYXXAEHHON KOHBEKLIMM

AnnoTaimms—MeTo0M NpAMOro YMCIEHHOro MoJeaupoBaHus ypasHeunit Hasbe-Croxca M ypaBHeHu#H
3JHEPTMH C HCMOJIb30BAHHEM CNEKTPAJTBHOIO METOJAA3 3JIEMEHTOB HCC/IeIOBAHA TENJIOOTAAYa NONEPEYHO
06TexaeMOro OAMHOMHOTO LMIMHAPA NPH BbIHYXKACHHON KOHBEKUMH 118 3HaveHwil yucna Pefinonsaca
1o 200. Pe3ynbTaThl YHCIICHHBIX PAcYETOB pa3Mepa Cjieid, BpEMEHHOH U IPOCTPAHCTBEHHOM CTPYKTYpHI
BuxpeBoit nopoxkn Kapmana, HecTauuoHapHoro xosdduumerTa noaseMHol cHisl, JIo60BOro conpo-
THBJEHHA M JIOKAJNLHOrO KO3(pHLUMEHTA HECTALMOHAPHOTO TEMIOOGMEHa XOPOLIO COTJIACylOTCa ¢
HMEIOLMMHACA IKCIIEPHMEHTAIbHBIMA KAaHHbIMH. J{JI8 y4eTa HeOrpaHHYEHHOTrO XapaKTepa pacyeTHOMH
061aCTH HCNIONB3YIOTCH Pa3JIMYHbIE TPAaHHYHBIE YCJIOBHA [UIA MOJA CKOPOCTH, B TO BPEMs Kak IS TEM-
NepaTypHOro MoJs MOJETHPYIOTCA YCJIOBHSA PABHOMEPHOTO TEIUIOBOTO ITOTOKA H NOCTOMHHON TEMIiepa-
Typbl BKHIHHADA.



